Phenomena of damped harmonic oscillator is important in the description of the elementary dissipative processes of linear responses in our physical world. Its classical description is clear and understood, however it is not so in the quantum physics, where it also has a basic role. Starting from the Rosen-Chambers restricted variation principle a Hamilton like variation approach to the damped harmonic oscillator will be given. The usual formalisms of classical mechanics, as Lagrangian, Hamiltonian, Poisson brackets, will be covered too. We shall introduce two Poisson brackets. The first one has only mathematical meaning and for the second, the so-called constitutive Poisson brackets, a physical interpretation will be presented. We shall show that only the fundamental constitutive Poisson brackets are not invariant throughout the motion of the damped oscillator, but these show a kind of universal time dependence in the universal time scale of the damped oscillator. The quantum mechanical Poisson brackets and commutation relations belonging to these fundamental time dependent classical brackets will be described. Our objective in this work is giving clearer view to the challenge of the dissipative quantum oscillator.
INTRODUCTION
There has been an old challenge for a long time that the dissipation causes difficulties in the standard quantization of quantum-mechanical description of the damping harmonic oscillators, [1] , [2] , [3] . This problem had remained under intensive investigation [4] , [5] . There are some widely accepted Hamilton like variation theories about the treatment of the linearly-dependent classic or quantum damped oscillator. One of these theories is the Bateman's mirror-image model [1] , which consists of two different damped oscillators, where one of them represents the main one-dimensional linearly damped harmonic oscillator. The energy dissipated by the main oscillator will be absorbed by the other oscillator and thus the energy of the total system will be conserved. The commutation relations of this model in quantum theory are time independent, however, the time-dependent uncertainty products, obtained this way, vanish as time tends to infinity [6] . The Caldirola-Kanai theory with an explicit time dependent Hamiltonian is another kind of variation theory [7] , [8] , [9] . In the quantum version of this theory both the canonical commutation rules and the uncertainty products tend to zero as time tends to infinity. The system-plus-reservoir model ( [10] , [11] is another standard model to investigate dissipation of the damped oscillator. In this model the main simple harmonic oscillator is coupled linearly to a fluctuating bath. If the bath is weakly perturbed by the system then it can be modelled with a continuous bath of the harmonic oscillator. A quantum Langevin equation in the Heisenberg picture can be deducted in this model. However, this equation in general does not obey [12] , the Onsager's regression hypothesis, [13] , but only in case when 0   . A direct consequence of this fact is that the expected value of the fundamental observable does not satisfy the equation of the classic linearly-damped oscillator. Another consequence is that no spontaneous dissipative process exists.
Starting from the Rosen-Chambers restricted variation principle [14] , [15] , [16] a Hamilton like variation approach to the damped harmonic oscillator will be given. The usual formalisms of the classical mechanics, as the Lagrangian, the Hamiltonian and the Poisson brackets, will be covered too. We shall introduce two Poisson brackets. The first one has only mathematical meaning and for the second, a physical interpretation could be provided for the so-called constitutive Poisson brackets. We shall show that only the fundamental constitutive Poisson brackets are not invariant throughout the motion of the damped oscillator, but these show a kind of universal time dependence in the universal time scale of the damped oscillator. We will derive the quantum mechanical Poisson brackets and commutation relations belong to these fundamental time dependent classical brackets.
The commutation relations and the time-dependent uncertainty products obtained this way are evidently time dependent and vanish as time tends to infinity.
By means of canonical quantization we shall give the quantum canonical equations of the linearly-damped oscillator. According to the commutation relations we shall evaluate these canonical equations by algebraic methods. The resulted Heisenberg operator differential equation of the damped oscillator, which is consistent with the classical equation, will be solved by using ladder operators, which, in this theory, are time dependent. We shall give the actual form of the fundamental observables of the damped oscillator and the results will cause some irreversible problems, for example the natural width of the spectral line.
ROSEN-CHAMBERS VARIATION PRINCIPLE
Rosen and Chambers formulated their variation principle for the deduction of the transport equations of the continuous non-equilibrium thermodynamic system [15] , [14] , [16] . We are going to adapt this so called restricted variation principle to the classical and quantum damped oscillator. The Rosen-Chambers variation principle is significantly different from the Lagrangian one since the classical Lagrange formalism cannot be applied for dissipative systems. So, we are going to use a mechanical model instead of a non-equilibrium thermodynamic model to describe the damped quantum oscillator.
Lagrange formalism
In the next section we are going to give a restricted variation principle for a linear damped oscillator. Also, we are going to consider the equation of motion of
where u is the displacement of the mass of oscillator from its equilibrium position, and the m, c, k physical parameters of the oscillator are positive constants. The equation (1) can be deduced from the following form of the Rosen-Chambers's variation principle:
By assuming the restrictions of  
We might express the equation (1) as an Euler-Lagrange equation, belonging to this restricted variation principle:
Canonical formalism
We have seen that it is possible to give a Hamilton type restricted variation principle that is equivalent to the equations of motions of the damped oscillator.
Next, we are going to give the canonical formalism of this restricted variation principle. To do it, let us start from the Lagrange density of variation principle (3) and introduce the
generalised momentum. Now, we can see that
The Hamiltonian density defined by the Legendre transformation is
It is easy to see that H u  is equal to the instantaneous free energy of the oscillator.
With this Hamiltonian density, the variation principle (4) may be written in another form:
from which we get the canonical equations of damped oscillator:
which can be easily derived by Poisson bracket defined in equation (13) and the equations of motion (11) and (12) .
This way only algebraic operations take the place of derivatives and the canonical equations (14) can be evaluated by algebraic method taking into account the fundamental brackets (16) . Beside the restricted Poisson bracket, defined in equation (13) , the damped oscillator has another, so called constitutive Poisson bracket to. The relation between these Poisson brackets, as it can be shown in 6.1, has the form:
Additionally, the constitutive Poisson bracket unlike the Poisson bracket (13) is not a remaining constant throughout the motion of the damped oscillator, but it is a universal time function in the natural time scale t  of the oscillator (for proof see A.1 Using the Poisson bracket, the time derivative of an observable
By applying this expression to the Hamilton function -not including the time explicitly -we get the energy law of the oscillator, from which follows the expression of the rate of energy dissipation of the damped oscillator follows, i. e.
An observable -which does not include the  variable explicitly -is the first integral of the damped oscillator if
An observable -including neither the time t nor the  variables explicitly -is a constant of motion if ISSN: 2347-3487
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Now let us give the first integral for the damped harmonic oscillator. It was Bohlin, who first dealt with the problem of the first integral of the damped linear oscillator [19] , [20] . Detailed description on this subject can be found in [21] . It is easy to prove that the Bohlin's observable, defined as
where
is the first integral of the damped oscillator. Now, it may be seen that the Bolin's observable is equal to the maxima of the Hamiltonian (free energy) of the damped oscillator and in case of the undamped oscillator it is equal to the Hamiltonian. , which act on the Hilbert space of quantum states, and we replace the classical Poisson brackets by quantum Poisson brackets. In case of damped harmonic oscillator, the main problem of the classical Poisson brackets is that they are not invariant throughout the motion. Fortunately, they show universal time dependence (in the natural time scale of the damped oscillator) throughout the motion of the damped oscillator.
CANONICAL QUANTIZATION OF DAMPED HARMONIC OSCILLATOR
Next, we shall construct a time dependent quantum Poisson bracket, in which universal time dependence will be included.
Quantum Poisson bracket (QPB)
To give the quantum Poisson bracket, we proceed from the main properties of the classical restricted Poisson brackets (RPB) which are as follows: (24) where a, b and c are numbers or pure time functions. The product rules of restricted Poisson brackets are simple consequences of the Leibnitz's product rule of derivation. In case of RPB the product of observables is commutative. We shall formulate the equations of quantum damped oscillator in terms of the Poisson brackets as Dirac did.. To do so, we accept the above mentioned main relations of brackets, but we use another definition of brackets, since in quantum mechanics the observables are non-commuting linear Hermitian operators acting in a ket space which represent all the possible states of the damped oscillator. The above mentioned "number like" behavior of pure time function in quantum mechanics can be based on the following conclusion of W. Pauli, to which J. Hilgevoord called the attention of Physicists [22] : "…the introduction of an operator t is basically forbidden and the time must necessarily be considered as an ordinary number ("c-number")…." [23] , [24] , [25] . In the following we are going to show that some combinations of non-commuting operators exist which satisfy all the above relations (28) . To give the actual form of this quantum Poisson bracket, we shall (27) where the function
and also commute with  , then we get the standard QPB introduced by Dirac in quantum theory of reversible system [28] . In our case the actual form of the QPB is determined by the constitution of the system, therefore the QPB (28) is rather a constitutive law than a universal one. In the classical theory the fundamental bracket equations (16) and (17)are simple consequences of the classical RPBs, defined in equation (13) . In Dirac's theory these are absolutely essential, because they express the commutation rules for the quantum mechanical observables u and π .
By the above found strong analogy between classical and quantum mechanical Poisson brackets, we may make the assumption that in the case of fundamental brackets the QPBs have the same values or pure time function as the corresponding classical PBs (17) . From this assumption it follows that the fundamental quantum mechanical commutation relations are
where from here the bold letter refers to the operator and δ is the unit operator. If there were   
Canonical equations of quantum damped oscillator
As it has already been mentioned above, in Quantum Mechanics, a physical state of a damped oscillator is represented by a vector in an abstract vector space (ket space), which is called the Hilbert space of quantum states. The dynamical variables (observables), states; and we replace the classical Poisson brackets by quantum Poisson brackets. Formally, this procedure can be written
In terms of fundamental brackets (16) , (17) , and (29) In terms of commutation relations the canonical equations of the quantum oscillator have the form
where from (7) the Hamiltonian is 
It is easy to show that from the canonical equations we get the
and the
equations by using (33) and the fundamental commutation relations (29) .
From (18) and the quantum theory from the above mentioned we found that any observable
EVALUATION OF THE EQUATION OF MOTION OF THE QUANTUM DAMPED OSCILLATOR
From the canonical equations (34) and (35) 
If we require that the physical quantities of oscillator shall be hermetic then we get from the u u To solve the damped oscillator problem we have to determine the operator A, because this should be known for the specification of displacement impulse and the energy of the oscillator. The non-damped A can be determined from the Hamiltonian of the oscillator, which is a constant of the motion. This is, however, not true for our case, thus we are going to use the Bohlin' first integral introduced earlier. For this, we have to rewrite it into the language of quantum mechanics. The operator belonging to the Bohlin's first integral shall be hermetic, because in this case the eigenvalues are real. It is to be expected that the Bohlin's first integral operator shall be free of dispersion. From this it follows that the matrix belonging to Bohlin's first integral operator is diagonal. From this diagonal condition we are able to specify the matrix belonging to 
Now, we see that if we replace the operator F by the Hamiltonian H of simple oscillator, these equations are identical with the corresponding equations of the simple quantum oscillator [29] , [30] . According to this strong analogy, we are able to determine the amplitude matrix and the matrices of the exergy operator 
Also  a is a creation and a is an annihilation operator.
From these properties of ladder operators it follows that the energy eigenkets are eigenkets of the occupation number 
Expected value of the main operators of damped oscillator
Moreover, the expected value of occupation number in n-th energy eigenstate at time t is t e N n t n t
where 0 N is the occupation number at 0  t . This result agrees well with the corresponding result derived from the system -plus -reservoir models [31] . Because in the energy representation, the matrices of the operators The above two formulas mean that a coherent state is left unchanged by the annihilation or the creation of a particle. From the equations (60) and (61) where n are eigenkets of the exergy operator. This is a Poissonian distribution, which is a necessary and sufficient condition that all annihilations are statistically independent. On the other hand, from the equation (53) and (64) Also the probability of detecting n photons and the variance of this detectation is determined by the expected initial number of photons only.
Probability description of the wave packet motion belonging to the damped oscillator
To learn something about the time dependence of our system in a certain state , we shall calculate
which represent the probability amplitude and probability of finding the damped oscillator at u at the time t . In particular, it is useful to study the coherent state a , which is an eigenstate of the non-hermitian time dependent operator A , i.e. 
According to the following
coordinate representation of the operators originated from commutation relation (29) and addendum 3. , we get the Now, we might see that this is the density function of a modulated Gaussian distribution, where the modulating term has finite amplitude which runs over in time, while the Gaussian distribution sharpens towards to a Dirac delta distribution. This means that the particle will get closer and closer to the equilibrium point as 
SPECTRUM OF THE RATE OF ENERGY DISSIPATION OF THE DAMPED OSCILLATOR
In the next section, we are going to explain the finite width of spectrum line and give the intensity frequency spectrum of radiation. As the atom emits photons, the energy drops and the amplitude of transition decreases in time. Therefore, the M a r c h 1 2 , 2 0 1 4 emission is not harmonic, thus spectrum occurs. We shall see that the width of spectral line can be connected to the attenuation coefficient of the damped oscillator. Inversely, from the width of the spectral line we might determine the attenuation coefficient of the oscillator.
Spectral density of the energy dissipation
In section 1.3 we already introduced the rate of energy dissipation for a damped oscillator. The rate of energy dissipation operator can be originated from equation ( In the next section we shall evaluate this energy dissipation formula. To do it, let us introduce the velocity operator, which comes from (40) as
The elements of this operator in energy (exergy) representation are:
According to (47) we get the final form of matrix elements In case of the transition from n-th exergy state to the equilibrium state, the oscillator will emit The coordinate representation of the momentum operator According to Fong [35] , [36] let us proceed from the (22) 
About the emission problem
The rate of energy dissipation should be connected with the transition probability per unit time of the light emission process, which was introduced by Dirac [37] , [33] . Dirac showed that the rate of transition probability in an emission process is proportional to the quadrate of the of the transition velocity [37] . Also, in our problem, the rate of transition probability is 
Speculation about the strange commutation relation and the irreversibility
The inequality of
